Abstract-We introduce a computationally efficient FFT-based algorithm for the design of OFDM/ OQAM pulse shaping filters of arbitrary length and with arbitrary overlapping factors. The basic idea of our approach is to start from an arbitrary initial (nonorthogonal) filter and to perform an orthogonalization which yields an ISI-and ICI-free pulse shaping filter. The orthogonalization is performed in the discrete Zak transform domain and can be implemented using the FFT. We design filters for OFDM/OQAM systems with up to 1024 channels and overlapping factor 32. Finally, we present simulation examples assessing the performance of the designed pulse shaping filters in the presence of Doppler spread.
Introduction and Outline
Orthogonal frequency division multiplexing (OFDM) [1] - [7] is part of the European digital audio broadcasting (DAB) and digital video broadcasting (DVB) standards, and is employed for high-bitrate digital subscriber services on twisted-pair channels such as in the asymmetric digital subscriber line (ADSL) standard. Important features of OFDM systems include high spectral efficiency and immunity to multipath fading and impulsive noise.
OFDM systems employing a cyclic prefix (CP) [3] offer robustness to time-dispersion (multipath fading) but do not provide protection against frequency-synchronization errors and frequencydispersion caused by Doppler spread. Frequency-synchronization errors and frequency-dispersion cause a loss of orthogonality between the subcarriers and result in an error, which depends critically on the frequency-localization of the pulse shaping filter [8] . In the CP OFDM case this pulse shaping filter is a rectangular function and hence exhibits poor frequency-decay which implies high sensitivity to frequency-synchronization errors and Doppler spread. This observation has motivated studies on the design of pulse shaping OFDM systems [9, 10, 11, 5, 7, 12, 13, 8] . Another objective of pulse shaping is to reduce out-of-band emission and hence increase spectral efficiency. In this paper, we shall be concerned with the design of pulse shaping filters for OFDM systems based on offset QAM (OFDM/OQAM) [1, 2, 14] .
Previous work. Let us first briefly review previous work on the design of pulse shaping filters for OFDM/OQAM systems. In [1, 2] band-limited continuous-time OFDM/OQAM pulse shaping filters designed such that there is overlap in frequency only between neighboring subchannels have been proposed. In practice, the corresponding infinitely long pulses must be truncated, which inevitably leads to a loss of orthogonality. Furthermore, in order to keep the error due to the resulting nonorthogonality small, in general, the pulses must be rather long which gives rise to considerable reconstruction delay and increased computational complexity. In [5] a continuous-time OFDM/OQAM pulse shaping filter of twice the symbol length is proposed. A constrained optimization procedure for the design of continuous-time OFDM/OQAM pulse shaping filters of finite length is introduced in [13] . The method in [13] yields near-orthogonal pulse shaping filters, requires computationally expensive numerical optimization, and is restricted to integer overlapping factors.
Contributions. We introduce a computationally efficient FFT-based algorithm for the design of OFDM/OQAM pulse shaping filters of arbitrary length and with arbitrary overlapping factors.
The basic idea of our algorithm is to start from an arbitrary (nonorthogonal) initial filter and to perform an orthogonalization such that the resulting filter is intersymbol interference (ISI)-and intercarrier interference (ICI)-free. Based on a new formulation of the OFDM/OQAM pulse shaping filter orthogonality conditions in terms of the discrete-time Zak transform (DZT) [15, 16] , we are able to perform the orthogonalization using the FFT. This yields a computationally highly efficient implementation and allows the design of filters with several thousands of taps. For such filter lengths the use of numerical optimization often becomes infeasible. We emphasize, however, that our design method does not involve an optimization which makes a judicious choice of the initial filter necessary in order to arrive at well-localized orthogonal filters. We provide guidelines on how to choose "good initial filters" and demonstrate our method by designing pulse shaping filters for OFDM/OQAM systems with up to 1024 channels and with filter length up to 8192.
Organization of the paper. The rest of this paper is organized as follows. In Section 2, we derive general orthogonality conditions for discrete-time OFDM/OQAM pulse shaping filters in terms of the DZT. Based on these orthogonality conditions, in Section 3, we provide an efficient FFT-based design algorithm. In Section 4, we present some design examples and we demonstrate the superiority of coded and uncoded pulse shaping OFDM/OQAM systems over OFDM systems without pulse shaping in the presence of Doppler spread. Finally, Section 5 concludes the paper.
DZT-based Orthogonality Conditions
In the following, we consider the discrete-time complex baseband model of an M -channel OFDM/OQAM system where M is assumed to be even (Fig. 1) . The transmit signal is given by
where c and hence exhibits maximum spectral efficiency. The computational complexity of pulse-shaping OFDM/OQAM systems is higher than that of CP OFDM systems. However, since the subchannel filters are obtained by complex modulation of a single filter efficient polyphase implementations are possible [17] .
The approach used in the following to derive the orthogonality conditions up to Eq. (13) has first been suggested in a continuous-time setting in [13] . Note, however, that unlike [13] we included a general phase factor e j 2π M k α 2 in the modulator and the demodulator. The phase factor used in [13] in a continuous-time setting corresponds to α = M 2 − 1 in the discrete-time case. This choice of α requires that the pulse shaping filter length is an integer multiple of the OFDM symbol length or equivalently the overlapping factor is an integer number. If pulse shaping filters with noninteger overlapping factors are desired α has to be chosen accordingly in order to ensure orthogonality. We note that our approach is more general than the one in [13] since we do not restrict the filter length to be an integer multiple of the OFDM symbol length. The specific choice of α for a given filter length will be discussed later in this section. Due to the additional phase factor e j 2π M k α 2 we get more general orthogonality conditions and also different symmetry conditions on g[n] than in [13] . For this reason and because the exposition in [13] is for the continuous-time case, we decided to present the derivation of the orthogonality conditions in detail. The DZT-based formulation of the orthogonality conditions (19) constitutes the basis for our design algorithm and appears to be entirely new. 
(1) (1)- (4) guarantee that ICI is perfectly cancelled, whereas for m = 0 (1)- (4) reduces to the conditions for ISI cancellation. More specifically, for m = 0, Eqs. (2) and (3) guarantee that there is no interference between the real and imaginary parts of c k,l , whereas
(1) and (4) guarantee zero ISI for c R k,l and c I k,l , respectively. Rewriting (1)- (4) as
we shall next show that (8) is equivalent to (5) and that (7) is equivalent to (6) .
in (7), we can see that (7) is (6) with l replaced by l + 1, which implies the equivalence of (7) and (6). We shall next demonstrate that (6) can be satisfied by imposing a simple symmetry constraint on the pulse shaping filter g[n]
.
, Eq. (6) can be rewritten as
where
In the following we take g[n] to be an even function satisfying
with r ∈ Z Z and α ∈ [0, M − 1]. The parameters r and α allow a flexible choice of the filter length L g . We note that α has to be odd (even) for even (odd) L g . Furthermore, from (10) it follows
For L g = KM with K ∈ Z Z we get α = M/2 − 1 which corresponds to the choice in [13] . Using (5) and (10) it can furthermore be shown that
it follows from (9) that (6) is satisfied. We are thus left with condition (5), which will next be shown
, it follows that (5) can be rewritten as
For m odd (12) m → 2m in (5) we obtain 1 2 (13) has been reported previously in [13] . From (13) it follows that a g[n] satisfying the symmetry property (10) is equivalent to orthonormality of
mn in the following.
DZT-based formulation. We shall next express the orthogonality condition (13) in terms of the discrete-time Zak transform (DZT) [15, 16] of the function g[n], which is defined as
with its inverse given by
The first step of this derivation consists of showing that {g l,m [n]} is orthogonal if and only if the following equivalent condition is satisfied:
Applying the Poisson summation formula to (16), we obtain
which using the Parseval identity can be rewritten as
Obviously (17) 
Next, inserting the DZT inversion formula (15) into (16) we get
which using the quasi-periodicity relation
or equivalently
Since
, and consequently (18) reduces to
which is satisfied if and only if
We have thus found a simple equivalent expression for the orthogonality condition (13) in terms of the DZT. Based on (19) , in the next section, we shall derive our design method.
FFT-based Pulse Shaping Filter Design
In the previous section we have shown that the design of OFDM/OQAM pulse shaping filters reduces to the design of a symmetric function satisfying (19) . The basic idea of our approach is to start from an arbitrary (nonorthogonal) symmetric filter g[n] which is modified (orthogonalized) to obtain a symmetric pulse shaping filter satisfying (19) . Typically the initial filter g[n] will be a lowpass filter.
Orthogonalization. Starting from an arbitrary (lowpass) filter g[n]
satisfying the symmetry property g α + (2r + 1)
with r ∈ Z Z and α ∈ [0, M − 1], an orthogonal pulse shaping filter g o [n] can be obtained as
Inserting (20) into (19) and using Z g (n, θ − 1) = Z g (n, θ), it is easily seen that
which proves the orthogonality of g o [n]. It remains to show that g o [n] satisfies the same symmetry property as the initial filter g [n] . In the DZT domain (10) reads
which using (20) implies that
and consequently 
with arbitrary constants c n . From (22) it furthermore follows that in this case
which implies that g o [n] will not only be compactly supported but also have the same support as
. The class of compactly supported initial filters yielding compactly supported orthogonal filters is rather restricted. In practice, however, if the initial filter is sufficiently localized in time, in general the corresponding orthogonal filter will be well-localized in time as well and can therefore be truncated at the cost of a negligible reconstruction error.
Implementation of the Algorithm. We shall now turn to the implementation of the proposed orthogonalization procedure. As already mentioned above, in general the resulting orthogonal filter g o [n] will be longer than the initial filter. Therefore, g[n] has to be sufficiently zero-padded before applying the orthogonalization. The DZT has to be evaluated on a discrete time-frequency grid according to [16] 
with the length of the zero-padded filter satisfying
K. It is easily seen that the computation
The orthogonalization procedure can finally be summarized as follows:
• Design an initial filter g[n] satisfying the symmetry condition (10).
• Perform zero-padding of g[n] to obtain a filter of length L g .
• Compute the DZT of the orthogonal filter g o [n] according to
• Compute the inverse DZT to obtain the orthogonal pulse shaping filter g o [n], i.e., compute the inverse FFT of the columns of the K ×
We note that this orthogonalization procedure does not automatically guarantee that g o [n] is well-localized in frequency. In practice, however, starting from a lowpass filter with bandwidth approximately equal to 1/M yields well-localized orthogonal filters (see the design examples in Sec. 4).
We emphasize that the above orthogonalization procedure is computationally very cheap, since it consists of FFTs (forward and inverse DZT) and divisions in the DZT domain (cf. (23)). More specifically, the design of an orthogonal pulse shaping filter of length L g requires
FFTs of length K, L g squaring operations, L g additions, L g square root operations, and The OFDM/IOTA approach proposed in [5] and further elaborated in [18, 19] is based on ideas similar to those underlying our orthogonalization method. However, in the case of OFDM/IOTA the initial filter has to be the gaussian function and an orthogonalization is performed in the timedomain and in the frequency-domain separately leading to what is called extended gaussian functions in [18, 19] . Recently, it has been shown in [20] that the orthogonalization method proposed in 5 For the sake of simplicity we assume that K is even. [5, 18, 19] can only be applied to a very restricted class of initial filters. Since our approach can be applied to arbitrary initial filters, it is more general than the OFDM/IOTA approach. We finally note that an orthogonalization similar to the one employed in this paper has been used in [21, 16] to design so-called tight Weyl-Heisenberg frames.
Design Examples
In this section we shall demonstrate how the proposed orthogonalization procedure can be used to design frequency well-localized pulse shaping filters for OFDM/OQAM systems. We shall see that the basic philosophy of our orthogonalization method is to start from an initial lowpass filter with bandwidth approximately equal to 1/M . This will in general yield orthogonal filters which are again well-localized.
Design Example 1. In the first example we designed an 8-channel OFDM/OQAM system. The The corresponding channel filters are depicted in Fig. 4(e) . Comparing Figs. 3(e) and 4(e), we can see that the pulse shaping filter in this example has much better frequency selectivity than that in the first design example. Note, however, that this improved frequency-selectivity comes at the cost of increased filter length.
Design Example 3. In the last design example, we demonstrate that our approach allows the design of OFDM/OQAM systems with a large number of channels and long pulse shaping filters. For M = 1024 channels, we designed a pulse shaping filter of length 8192 (i.e., the overlapping factor is ρ denotes the variance of the additive white channel noise. It can be seen that in the low-SNR regime (noise dominated) there is no difference between the pulse shaping OFDM/OQAM system and the CP OFDM system. In the high-SNR regime where ICI dominates over channel noise the curves flaten out and pulse shaping OFDM/OQAM outperforms CP OFDM significantly, which is due to the fact that there is much less ICI in the pulse shaping OFDM/OQAM case.
Conclusion
We provided DZT-based orthogonality conditions for OFDM/OQAM pulse shaping filters with arbitrary length and arbitrary overlapping factors. Based on these orthogonality conditions we proposed a computationally highly efficient FFT-based design method which basically consists of orthogonalizing an initial (nonorthogonal) lowpass filter. Our algorithm makes the design of pulse shaping filters of lengths up to several thousands of taps possible. We emphasize that the new algorithm does not involve optimization and therefore requires a judicious choice of the initial filter. We found that choosing the initial filter as a lowpass filter with bandwidth 1/M where M denotes the number of channels in the OFDM system yields time-frequency well-localized orthogonal filters. Finally, we
provided design examples and we demonstrated the superiority of coded and uncoded pulse shaping 
